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Abstract

Replay buffers are a key component in many rein-
forcement learning schemes. Yet, their theoretical
properties are not fully understood. In this paper
we analyze a system where a stochastic process X
is pushed into a replay buffer and then randomly
sampled to generate a stochastic process Y from
the replay buffer. We provide an analysis of the
properties of the sampled process such as station-
arity, Markovity and autocorrelation in terms of
the properties of the original process. Our theoret-
ical analysis sheds light on why replay buffer may
be a good de-correlator. Our analysis provides
theoretical tools for proving the convergence of
replay buffer based algorithms which are preva-
lent in reinforcement learning schemes.

1. Introduction

A Replay buffer (RB) is a mechanism for saving past gen-
erated data samples and for sampling data for off-policy
reinforcement learning (RL) algorithms (Lin, 1993). The
RB serves a First-In-First-Out (FIFO) buffer with a fixed ca-
pacity and it enables sampling mini-batches from previously
saved data points. Its structure and sampling mechanism pro-
vide a unique characteristic: the RB serves as de-correlator
of data samples. Typically, the agent in RL algorithms en-
counters sequences of highly correlated states and learning
from these correlated data points may be problematic since
many deep learning algorithms suffer from high estimation
variance when data samples are dependent. Thus, a mecha-
nism that decorrelates the input such as the RB can improve
data efficiency and reduce sample complexity.

Since its usage in the DQN algorithm (Mnih et al., 2013),
RB mechanism have become popular in many off-policy
RL algorithms (Lillicrap et al., 2015; Haarnoja et al., 2018).
Previous work has been done on the empirical benefits of
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RB usage (Fedus et al., 2020; Zhang & Sutton, 2017), but
still there is a lack in theoretical understanding of how the
RB mechanism works. Understanding the properties of
RBs is crucial for convergence and finite sample analysis
of algorithms that use a RB in training. For the best of our
knowledge, this is the first work to tackle these theoretical
aspects.

In this work we focus on the following setup. We define a
random process X that is pushed into a [V samples size RB
and analyze the characteristics of the stochastic process of
K samples that is sampled from the RB. We analyze if prop-
erties of the original random process such as Markovity and
stationarity are maintained and quantify the auto-correlation
and covariance in the new RB process (later denoted by Y")
when possible.

Our motivation comes from RL algorithms that use RB.
Specifically, we focus on the induced Markov chain given
a policy but we note that the analysis in this paper is also
relevant to general random processes that are kept in a FIFO
queue. This is relevant for domains such as First Come First
Served domains (Laguna & Marklund, 2013). Our goal is
to provide analytical tools for analyzing algorithms that use
RBs. Our results can provide theoretical understanding of
phenomena seen in experiments using RBs that have never
been analyzed theoretically before. Our theory for RBs
provides tools for proving convergence of RB-based RL
algorithms.

Our main contributions are:

1. Formulating RBs as random processes and analyze
their properties such as stationarity, Markovity, ergod-
icity, auto-correlation and covariance.

2. Comparing between properties of the original random
process that was pushed into the RB and the sampled
process at the output of the RB. Particularly we prove
that when sampling uniformly from the RB, the RB
forms as a de-correlator between the sampled batches.

3. Connecting our RB theory to RL by demonstrating
this connection through a RB-based actor critic RL
algorithm that samples K transitions from RB with
size N for updating its parameters. We prove, for
the first time, the asymptotic convergence of such RB-
based actor critic algorithm.
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Figure 1. Replay buffer flow diagram: Process X enters the RB which stores { X¢, ... X;—n—_1} in positions (1, ..., N), respectively. As
time proceeds and ¢ > N, old transition are thrown away from the RB. At each time step ¢, a random subset of K time steps is sampled
from the RB and is denoted as J;. W is simply [RB, J]. Y is the process of averaging a function over X at times from the subset .J.
Lastly, the process Z is simply a function applied on the variable X. Comparing Y to Z, we can see that Z can serve as an online update

while Y can serve as a RB-based update.

The paper is structured as follows. We begin with present-
ing the setup in Section 2. We then state our main results
regarding RB properties in Section 3. In Section 4 we con-
nect between our RB theory and its use in RL and provide a
convergence proof for an RB-based actor critic algorithm.
Afterward, in Section 5 we position our work in existing
literature and conclude in Section 6.

2. Setup for Replay Buffer Analysis
2.1. Replay Buffer Structure

Let X = (X;)$2, be a stochastic process where the sub-
script ¢ indicates time. The samples are dynamically pushed
into a Replay Buffer (RB; Lin, 1993; Mnih et al., 2013) of
capacity N, i.e., it is a First-In-First-Out (FIFO) buffer that
can hold the N latest samples. We define the state of the RB
at time ¢ with RB; = {X;_N+1,...,Xt}. Suppose that
the buffer cells are numbered from 1 to N. The latest obser-
vation of X is pushed into cell 1, the observation before into
cell 2, etc. When a new observation arrives, the observation
in cell n is pushed into cell n 4+ 1 for 1 < n < N, while the
observation in cell NV is thrown away.

The random process RB = (RB;)2, contains the last
N samples of X. The random process Y is defined as
the average of random K samples (without replacement)
out of the N samples and applying a function f(-) : - —
RP ! where D is the dimension of the algorithm?. The

"We note that f(-) may also depend on ¢ but we leave that for
the sake of simplicity.

ZFor example, in linear function approximation of Actor-Critic
algorithms, D is the dimension of the linear basis used to approxi-
mate the value function by the critic.

function f(-) may correspond to a typical RL function that
one usually find in RL algorithms such as linear function
approximation, Temporal Difference, etc. (Bertsekas &
Tsitsiklis, 1996). We elaborate on possible RL functions in
Section 4.2.

2.2. Replay Buffer Sampling Method

'L}

We analyze the “unordered sampling without replacement
strategy from the RB. We note that other sampling meth-
ods may be analyzed, but we chose this specific sampling
due to its popularity in many deep reinforcement learning
algorithms®. Let N be a set of indices: N = {1,..., N}
and let J be a subset of K indices from N. Given N and
K, let C, i be the set of all possible subsets J for specific
N and K. Then, the probability of sampling subset .J is
pgr;f)fn(j) = %) v.J € Cy i, where (%) £ m is

K
the binomial coefficient.

2.3. Replay Buffer Related Processes

We denote the set of K temporal indices of the samples from
R B by the random process J (corresponds to a ”"Batch” in
Deep Learning) where J; = {ji }<, € {t—=N+1,...,t}*
Similarly, the corresponding K RB indices process is .J
where J; C {1,..., N}. We remark that both .J; and J;
contain identical information but one refers to the absolute
time, and one to the indices of the RB. We define the random
process W; = [RBy, J;] which holds both the information

3In Section 6 we discuss shortly future directions for other
sampling schemes.

*We note that in the first K steps the batch is of size smaller
than K and in the first N steps the RB is not full.
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on the RB as well on the sampling from it. For later usage,
we define the process X; going through a function f(-) with
Z; & f(X;). The resulting Y; has the structure of

Vo= 3 7= 2 3 5x)).

JEJt JjeJt

The stochastic processes relations that are described above
are visualized in Figure 1.

3. Replay Buffer Properties

In this section we analyze the properties of a random pro-
cess Y that is sampled from the RB and used in some RL
algorithm. Specifically, we analyze stationarity, Markovity,
ergodicity, auto-correlation, and covariance.

3.1. Stationarity, Markovity and Ergodicity

The following Lemmas characterize the connection between
different properties of X that enter the RB and the properties
of the processes RB and Y.

Stationarity is not a typical desired RL property since we
constantly thrive to improve the policy (and thus the induced
policy) but we bring it here for the sake of completeness.

Lemma 1 (Stationarity). Let X, and J, be stationary pro-
cesses. Then, RB; and Y; are stationary.

The proof for Lemma 1 is deferred to Section A.1 in the
supplementary material.

In the next Lemma we analyze when the process RB
is Markovian. This property is important in RL analy-
sis. However, we note that Y; is not necessarily Marko-
vian but W; is Markovian. For this, we define X'2(t) £
{X¢—npt1s---s Xt—n,+1|RBy} as the set of random vari-
ables from process X stored in the RB at time ¢ from posi-

tion 1 to no.

Lemma 2 (Markovity). Let X; be a Markov process. Then:
(1) RB; and Wy are Markovian. (2) The transition proba-
bilities of RB; fort > N are:

P(RBy1|RBy)

P(Xi|Xy)  if Xy € X1(t)
= and RByy1 = {X; 1} U XY 7H(t),
0 otherwise.

If Jy is sampled according to "unordered sampling without
replacement”, then the transition probabilities of W; for
t > N are:

P (W1 |Wy)
ﬁP(XHﬂXt) VJit1 € Cn i, if X € X1(t)
K

= and RBy 11 = {X, 1} UXN (1)
0 otherwise.

The proof for Lemma 2 is deferred to Section A.2 in the
supplementary material.

In RL, the properties of apreiodicity and irreducible (that
together form ergodicity; Norris, 1998) are crucial in many
convergence proofs. The following states that these proper-
ties are preserved when using RB.

Lemma 3 (Ergodicity). Let X; be a Markov process that is
aperiodic and irreducible. Then, RB; and W are aperiodic
and irreducible. Moreover, every point y € supp(Y;) is
visited infinitely often.

The proof for Lemma 3 is deferred to Section A.3 in the
supplementary material.

3.2. Auto-Correlation and Covariance

In this section we analyze the auto-correlation and covari-
ance of the process Y expressed by process X properties.
When X is stationary, the auto-correlation and covariance
functions for X are:

Rx (1) = E[X; Xy 4,]
Cx (1) = E[(X; — E[Xy]) (Xt4r — E[Xi14])]

In the same way, the definition of the auto-correlation and co-
variance functions for the process Y are Ry (7) and Cy (1),
respectively. In the following theorem we prove the relation-
ship between the auto-correlation and covariance functions
of processes Y and X. For that, we need to define the distri-
bution of all differences between two batches of samples as
follows.

Definition 1 (Distribution between two batches of samples).
Consider a RB of size N. Consider taking two different
random permutations (batches), denoted by B, and By,
both of length K in two possibly different time points, t,
and t, = t, + 7. Let T) be a random variable where
its distribution and expectation are denoted by I, (-) and
E., (), is the probability of each difference between each
sample of B, and By,

We note that the support of 7/ is T—N+1 < 77, < 7+ N—1.
Then,

Theorem 1 (Auto-Correlation and Covariance). Let T be
the difference between two time steps of the processes Y.
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Then:

Ry (7) =E [Rz(k)], 0
=E,,

i [Cz (i)

The proof for Theorem 1 is in Section B.2 in the supplemen-
tary material. We note two things. First, we note that we did
not specify how the sampling is done from the RB and it is
expressed by the random variable 7 from Definition 1, i.e.,
Eq. (1) is a general expression. Second, we note that we
express the correlation using process Z and not process X
directly, but process Z auto-correlation and covariance can
be computed directly in any practical case using the relation
Zt = f(Xt)

For the specific case of unordered sampling without re-
placement”, we express the relation between the second
moments of Z and Y explicitly through the distribution of

7.

Lemma 4 (Distribution for uniform batches). The random
variable 7' distribution for "unordered sampling without
replacement” is

N—|d
Nl‘ T =744,

de {-N+1,...0,...N — 1}
0 T <tT—N+lor7 >7+N-1

P(r') =

The proof for Lemma 4 is in the Section B.3 in the sup-
plementary material. In the following corollary we state
the exact dependence in the case of random sampling of K
samples from a RB with size N.

Corollary 1. Consider process Z where sampling is accord-
ing to "unordered sampling without replacement”. Then,
the auto-correlation and covarinace of the process Y are:

N-1

Rﬂﬂ:% S (N - [d)Rs(d+7)
d=—N+1
1 N—-1

Cy (1) = 33 > (N —1d)Cy(d+T)
d=—N+1

The proof for Corollary 1 is in the Section B.4 in the sup-
plementary material. We see that using a RB reduces the
autocorrelation and covaraince of process Z by factor of N.
Interestingly, this reduction is independent of K. This result
proves the de-correlation effect of using RBs and provides
an explicit expression for that.

4. Replay Buffers in Reinforcement Learning

In the previous section we analyzed properties of stochastic
processes that go through a RB. In this section we ana-
lyze RBs in RL. Stabilizing learning in modern off-policy

deep RL algorithms, such as Deep Q-Networks (Mnih et al.,
2013) or DDPG (Lillicrap et al., 2015), is based on saving
past observed transitions in a RB. Even though its use is
extensive, the theoretical understanding of sampling batches
mechanism from a RB is still quite limited. This is our focus
in this section.

We begin with describing the setup that will serve us in this
section. Then we connect between the random processes as
defined in Section 3 and common stochastic updates used
in RL. We then describe an RB-based actor-critic algorithm
that uses a batch of K samples from the RB in each pa-
rameters update step. This type of algorithm serves as a
basic example for popular usages of RBs in RL. We note
that other versions of RB-based RL algorithms (such as
deep RL algorithms, value-based algorithms, discounted
settings of the value function) can be analyzed with the
stochastic processes tools we provide in this work. Finally,
we present a full convergence proof for the RB-based actor
critic algorithm.

Despite its popularity, to the best of our knowledge, there
is only handful of proofs that consider RB in RL algorithm
analysis (e.g., Di-Castro Shashua et al., 2021 or Lazic et al.,
2021). Most of the convergence proofs for off-policy algo-
rithms assume that a single sample is sampled from the RB.
Di-Castro Shashua et al. (2021) proved for the first time the
convergence of an RB-based algorithm. However, their al-
gorithm and technical tools were focused on the sim-to-real
challenge with multiple MDP environments, and they fo-
cused only on a single sample batch from the RB instead of
K (which complicates the proof). Therefore, for complete-
ness and focusing on the RB properties, we provide a proof
for RB-based algorithms, with a single MDP environment
and a batch of K samples. Similarly to previous works, we
consider here a setup with linear function approximation
(Bertsekas & Tsitsiklis, 1996).

4.1. Setup for Markov Decision Process

An environment in RL is modeled as a Markov Decision Pro-
cess (MDP; Puterman, 1994), where S and A are the state
space and action space, respectively. We let P(S’|S, A)
denote the probability of transitioning from state S € S
to state S’ € S when applying action A € A. We
consider a probabilistic policy 7y (A|S), parameterized by
6 € © C R? which expresses the probability of the agent to
choose an action A given that it is in state S. The MDP mea-
sure P(S’|S, A) and the policy measure 7y(A|S) induce
together a Markov Chain (MC) measure P (S’|S). We let
Lo denote the stationary distribution induced by the policy
mg. The reward function is denoted by (.5, A).

In this work we focus on the average reward setting °. The

5The discount factor settings can be obtained in similar way to
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goal of the agent is to find a policy that maximizes the
average reward that the agent receives during its interaction
with the environment. Under an ergodicity assumption,
the average reward over time eventually converges to the
expected reward under the stationary distribution (Bertsekas,
2005):

= ESNHH’AN‘M [7‘(5, A)]
2
The state-value function evaluates the overall expected ac-

cumulated rewards given a starting state S and a policy
o

ng £ lim
T—00

Yo (St Ar)
T

vre(s So=25,m|, (3

E | > (r(Si, Ar) — o)
t=0

where the actions follow the policy A; ~ mp(:|S;) and
the next state follows the transition probability Syi1 ~
P(:|St, Ar).

Let O = {5, A, S’} be a transition from the environment.
Let O, be a transition at time t. The temporal difference
error §(O) (TD; Bertsekas & Tsitsiklis, 1996) is a random
variable based on a single sampled transition from the RB,

3(0) =7(8,4) =0+ ¢(5") 'w—(8) w, &)
where V7 (S) = ¢(S)Tw is a linear approximation for
V™ (8S), ¢(S) € R? is a feature vector for state S and

w € RY is the critic parameter vector.

4.2. Replay Buffer as a Random Process in RL

In Section 3 we compared between properties of general ran-
dom process X going through a RB and yielding a process
Y. In the RL context we have X; £ O,, meaning our basic
component is a single transition of state-action-next-state
observed at time ¢. In addition, we defined Z; £ f(X;)
process where f(-) is a general function. In RL, f(-) is
commonly defined as the value function, the Q-function, the
TD-error, the empirical average reward, the critic or actor
gradients or any other function that computes a desirable
update, based on an observed transition O. Common RL
algorithms that use a single f(O;) computation in the pa-
rameters update step are commonly referred as on-policy
algorithms where they update their parameters based only
on the last observed transition in the Markov chain. See
Figure 1 for a comparison between on-line updates and RB-
based updates. Using the formulation of random processes
we presented in Section 3, we can characterize the on-line

current setup.

Algorithm 1 Linear Actor Critic with RB samples
1: Initialize Replay Buffer RB with size N.
2: Initialize actor parameters 6, critic parameters wg and
average reward estimator 7).

3: Learning steps {a} }, {ai}, {af}.

4: fort =0,...do

5.  Interact with MDP M according to policy 7y, and
add the transition {S;, A¢, 7(St, A¢), St41} to RB;.

6:  Sample J; - K random time indices form RB;. De-
note the corresponding transitions as {O; };c .,

7. 6(0;) = (S5, Aj) = ne + ¢(SF) Twe — ¢(S;) Ty

8:  Update average reward
Ne+1 —77t+0é?(1 Ejejt (Sij ) = nt)

9:  Update critic w; 41 = wy + 0’ 7+ delf 5(0;)9(S;)

10: Update actor 6y, = re, -
af % e, 0(05)Vglog me(A;1S;))
11: end for

updates, based on a single last transition as follows:

Z;eward = freward(Or) = 7(St, Ay) —
ZiMC = fuiic(Or) = 6(04)(St)
Z?ctor factor(Ot) = 5(Ot)V10g 7T9(At|5t)

When using RB-based off-policy algorithms, the parameters
updates are computed over an average of K functions which
are based on K transitions that were sampled randomly
from the last stored N transitions. This exactly matches
our definition of the process Y: Y; = + dies f(X5) =
% > jeg, Zj- The following updates are typical in RB-
based off-policy algorithms:

threward _ % Z Z;eward _ % Z r(S

JEJt JEJt

critic 1 critic 1
Yy Y= K Z Zj "= K Z 5(OJ)¢(SJ)

JEJt j€7t

1 actor
o2 4= 25

JEJ: jEJt

Yo = )V log mo(4,15;)

o)

In Algorithm 1, we present a linear actor critic algorithm
based on RB samples where the algorithm updates the actor
and critic using a random batch of transitions from the RB.
In Section 4.5 we show how the results from Section 3
regarding a random process that is pushed into the RB, and
the definitions of X and Y processes are helpful in proving
the asymptotic convergence of this algorithm.

4.3. Linear Actor Critic with RB samples Algorithm

The basic RB-based algorithm we analyze in this work is
presented in Algorithm 1. We propose a two time scale



Analysis of Stochastic Processes through Replay Buffers

linear actor critic optimization scheme (similarly to Konda &
Tsitsiklis, 2000), which is an RB-based version of Bhatnagar
et al. (2008) algorithm. Our algorithm is fully described
by W; = [RBy, J;] and by the algorithm updates YV,
Yritic and Y2 described in equation (5). See Figure 2 for
a visualized flow diagram of Algorithm 1.

In algorithm 1 we consider an environment, modeled as an
MDP M, and we maintain a replay buffer RB with capacity
N. The agent collects transitions {.S, 4, r(S, A4), S’} from
the environment and stores them in the RB. We train the
agent in an off-policy manner. At each time step ¢, the agent
samples J; — a subset of K random time indices from RB;
which defines the random transitions batch for optimizing
the average reward, critic and actor parameters. Note that
for the actor updates, we use a projection I'() that projects
any 0 € R to a compact set © whenever 0 ¢ O.

4.4. Expectations of critic and actor updates in
Algorithm 1

We divide the convergence analysis of Algorithm 1 into two
parts. The first part, presented in this section, is unique to
our paper - we describe in Lemmas 5 and 6 a closed form
of the expectations of the actor and critic updates, based
on a random batch of K transitions from the RB. In the
second part, presented in Section 4.5, we use Stochastic
Approximation (SA) tools for proving the algorithm updates
convergence, based on the results from Lemmas 5 and 6. We
note that Section 4.5 follows the steps of the convergence
proofs presented by Di-Castro Shashua et al. (2021) and
Bhatnagar et al. (2009).

For time ¢t — n + 1 where 1 < n < N, we define the in-
duced MC with a corresponding policy parameter 6;_,, ;1.
For this parameter, we denote the corresponding state dis-
tribution vector p;_,41 and a transition matrix P, 41
(both induced by the policy mg, ). Finally, we define
the following diagonal matrix D;_, 1 e diag(pt—n+1)
and the reward vector r;_,, 1 with elements r;_,1(S) =
Yo AT, i1 (A]S)r(S, A). Based on these definitions we
define

N
1
G2 ;1 Di—nir (Prepyr — 1)
- (©)
1
by £ N nzz:l Dt7n+1 (thnJrl - 7706) .

where [ is the identity matrix and e is a vector of ones. Let
Dy = diag(j1g) and define

Co =2 Dg(Py—1I), bg=Dg(rg—mge). (1)

In our RB setting, since we have at time ¢t a RB with the last
N samples, C; and b, in Equation (6) represent a superposi-
tion of all related elements of these samples. For proving

the convergence of the critic, we assume the policy is fixed.
Then, when t — 00, pr_p4+1 — e for all index n. This
means that the induced MC is one for all the samples in the
RB, so the sum over N disappear for Cy and by.

The following two lemmas compute the expectation of the
critic and actor updates when using a random batch of K
samples. The expectations are over all possible random
batches sampled from the RB. Recall that J; C {1,..., N}
and Cy g is the set of all possible subsets J for specific
N and K. These lemmas are the main results for proving
convergence of RB-based RL algorithms.

Lemma 5. Assume we have a RB with N transitions and
we sample random K transitions from the RB. Then:

]EthCN,K;{Otfn«Fl}ngjt NRBt

1
It Z 5(Ot—n+1)0(Si—ns1) | = @ CoPw + @ " by,
neJy

where Cy and by are defined in (7).

Lemma 6. Assume we have a RB with N transitions and
we sample random K transitions from the RB. Then:

EthCN,K,{Ot7n+1}nE,7t ~RBy

1

Ve Z 0" (Ot—n+1)Volog me(As—ns1]St—nt1)
nedy

= Vomo = Y #a(5) (#() Vo™ — VoV (S)),
S

where V7™ (S) = EAeAT‘-B(A|S)(T(S,A) — e
+ Y gres P(S']S, A)g(S") Tw™).

The proofs for Lemmas 5 and 6 are in sections C.1 and D.1,
respectively, in the supplementary material.

4.5. Asymptotic Convergence of Algorithm 1

We are now ready to present the convergence theorems for
the critic and actor in Algorithm 1. In the proof of our the-
orems we use tools from Stochastic Approximation (SA)
(Kushner & Yin, 2003; Borkar, 2009; Bertsekas & Tsitsiklis,
1996), a standard tool in the literature for analyzing itera-
tions of processes such as two time scale Actor-Critic in the
context of RL.

We showed in Lemma 2 that the process W; = [RBy, Jy] of
sampling K random transitions from the RB is a Markov
process. In addition, we showed in Lemma 3 that if the
original Markov chain is irreducible and aperiodic, then also
the RB Markov process is irreducible and aperiodic. This
property is required for the existence of unique stationary
distribution and for proving the convergence of the iterations
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Figure 2. Replay buffer in reinforcement learning flow diagram: The random processes described in Figure 1 are reflected in Algorithm 1.
Here the random process that enters the RB is O which is a tuple of (S, A, S’). The RB stores the last N transitions {O,...Or—n_1}
in positions (1, ..., N), respectively. As time proceeds and ¢ > N, old transition are thrown away from the RB. At each time step ¢,
a random subset of K time steps is sampled from the RB and is denoted as J;. W is simply [RB, J]. In Algorithm 1 we have three

different updates, Y, and Y

reward critic
Yy

, all are averages over functions of transitions sampled from the RB. Then the parameters are

updated accordingly. Finally, the policy parameter 6;1 is used to sample the action in transition O that later enters to the RB.

in Algorithm 1 using SA tools. We note that proving con-
vergence for a general function approximation is hard. We
choose to demonstrate the convergence for a linear function
approximation (LFA; Bertsekas & Tsitsiklis, 1996), in order
to keep the convergence proof as simple as possible while
focusing in the proof on the RB and random batches aspects
of the algorithm.

We present several assumptions that are necessary for prov-
ing the convergence of Algorithm 1. Assumption 4 is needed
for the uniqueness of the convergence point of the critic.
In addition, we choose a state S* to be of value 0, i.e.,
V7 (S*) = 0 (due to Assumption 2, S* can be any of
S € §). Assumption 5 is required in order to get a with
probability 1 using the SA convergence. In our actor-critic
setup we need two time-scales convergence, thus, in this
assumption the critic is a ‘faster’ recursion than the actor.

Assumption 1. /. The set © is compact. 2. The reward
|r(-,)| < 1lforallS € S,Ac A

Assumption 2. For any policy my, the induced Markov
chain of the MDP process { S }1> is irreducible and aperi-
odic.

Assumption 3. For any state—action pair (S, A), wo(A|S)
is continuously differentiable in the parameter 0.

Assumption 4. . The matrix ® has full rank. 2. The
functions ¢(S) are Liphschitz in s and bounded. 3. For
every w € R, ®w # e where e is a vector of ones.

Assumption 5. The step-sizes {a)}, {al}, {at}
0 ggtisfyZch Y Z?OO(‘XEU ; > af
o @) o > (o

9?2 < oo and of
o(ai’).

>
o0,

ap’)?,

Now we are ready to prove the following theorems, regard-
ing Algorithm 1. We note that Theorem 2 and 3 state the
critic and actor convergence.

Theorem 2. (Convergence of the Critic to a fixed point)
Under Assumptions 1-5, for any given m and {n:}, {w;}
as in the updates in Algorithm 1, we have 1, — ny and
wy — w™ with probability 1, where w™ is obtained as a
unique solution to OTCydw + &by = 0.

The proof for Theorem 2 is in Section C in the supple-
mentary material. It follows the proof for Lemma 5 in
Bhatnagar et al. (2009). For establishing the convergence
of the actor updates, we define additional terms. Let Z de-
note the set of asymptotically stable equilibria of the ODE
0 = I'(—Vny) and let Z¢ be the e-neighborhood of Z. We

define €7 = 3¢ 10(S) (6(8) T Vow™ — VoV (8) ).
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Theorem 3. (Convergence of the actor)

Under Assumptions 1-5, given € > 0, 36 > 0 such that for
0¢, t > 0 obtained using Algorithm 1, if supy, [|{7 || < 6,
then 0; — Z€ as t — oo with probability one.

The proof for Theorem 3 is in Section D in the supple-
mentary material. It follows the proof for Theorem 2 in
Bhatnagar et al. (2009).

5. Related Work

Actor critic algorithms analysis: The convergence analy-
sis of our proposed RB-based actor critic algorithm is based
on the Stochastic Approximation method (Kushner & Clark,
2012). Konda & Tsitsiklis (2000) proposed the actor-critic
algorithm, and established the asymptotic convergence for
the two time-scale actor-critic, with TD(\) learning-based
critic. Bhatnagar et al. (2009) proved the convergence result
for the original actor-critic and natural actor-critic methods.
Di Castro & Meir (2010) proposed a single time-scale actor-
critic algorithm and proved its convergence. Works on finite
sample analysis for actor critic algorithms (Wu et al., 2020;
Zou et al., 2019; Dalal et al., 2018) analyze the case of last
transition update and do not analyze the RB aspects in these
algorithms.

Recently, Di-Castro Shashua et al. (2021) proved for the
first time the convergence of an RB-based actor critic algo-
rithm. However, their algorithm and technical tools were
focused on the sim-to-real challenge with multiple MDP
environments, and they focused only on a single sample
batch from the RB instead of K (which complicates the
proof). We provide a proof for RB-based algorithms, with a
single MDP environment and a batch of K samples.

Replay Buffer analysis: Experience replay (Lin, 1993) is
a central concept for achieving good performance in deep
reinforcement learning. Deep RB-based algorithms such as
deep Q-learning (DQN, Mnih et al., 2013), deep determin-
istic policy gradient (DDPG; Lillicrap et al., 2015), actor
critic with experience replay (ACER; Wang et al., 2016),
Twin Delayed Deep Deterministic policy gradient (TD3, Fu-
jimoto et al., 2018), Soft Actor Critic (SAC, Haarnoja et al.,
2018) and many others use RBs to improve performance
and data efficiency.

We focus mainly on works that provide some RB properties
analysis. Zhang & Sutton (2017) and Liu & Zou (2018)
study the effect of replay buffer size on the agent perfor-
mance . Fedus et al. (2020) investigated through simulated
experiments how the learning process is affected by the ratio
of learning updates to experience collected. Other works fo-
cus on methods to prioritize samples in the RB and provide
experimental results to emphasis performance improvement
when using prioritized sampling from RB (Schaul et al.,
2015; Pan et al., 2018; Zha et al., 2019; Horgan et al., 2018;

Lahire et al., 2021). We, on the other hand, focus on the
theoretical aspects of RB properties and provide conver-
gence results for RB-based algorithms. Lazic et al. (2021)
proposed a RB version for a regularized policy iteration
algorithm. They provide an additional motivation for us-
ing RBs, in addition to the advantage of reduced temporal
correlations: They claim that using RB in online learning
in MDPs can approximate well the average of past value
functions. Their analysis also suggests a new objective for
sub-sampling or priority-sampling transitions in the RB,
which differs priority-sampling objectives of previous work
(Schaul et al., 2015).

Regarding RB analysis in Deep RL algorithms, Fan et al.
(2020) performed a finite sample analysis on DQN algorithm
(Mnih et al., 2013). In their analysis, they simplified the
technique of RB with an independence assumption and they
replaced the distribution over random batches with a fixed
distribution. These assumptions essentially reduce DQN
to the neural fitted Q-iteration (FQI) algorithm (Riedmiller,
2005). In our work we focus on asymptotic convergence
and analyze explicitly the distribution of random batches
from the RB.

6. Conclusions

In this work we analyzed RB and showed some basic ran-
dom processes properties of it as ergodicity, stationarity,
Markovity, correlation, and covariance. The latter two are
of most interest since they can explain the success of mod-
ern RL algorithm based on RB. In addition, we showed
quantitatively the relations between the RB size, batch size,
and other factors.

In addition, we developed theoretical tools of stochastic
process analysis for replay buffers. We provided an exam-
ple of how to use these tools to analyze the convergence of
an RB-based actor critic algorithm. Similarly, other com-
mon RB-based algorithms in reinforcement learning such
as DQN (Mnih et al., 2013), DDPG (Lillicrap et al., 2015),
TD3 (Fujimoto et al., 2018), SAC (Haarnoja et al., 2018)
and many others can be analyzed now, using the tools we
developed in this work.

As a future research, we propose two directions that are of
great interest and complete the analysis we provided in this
work:

1. Spectrum analysis of the learning processes. Since
we adopted an approach of ”Signals and Systems” with
random signals (Oppenheim et al., 1997; Porat, 2008),
one can use spectrum analysis in order to discover
instabilities or cycles in the learning process.

2. More complex RBs. There is a large experimental
body of work that tries to propose different schemes
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of RBs. Some of them apply different independent on
RL quantities sampling techniques while other apply
dependent on RL quantities schemes (e.g., prioritized
RB depends on the TD signal; Schaul et al., 2015). In
this work we paved the first steps to apply analysis on
such schemes (both dependent and independent).
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A. Proofs for Lemmas in Section 3
A.1. Proof of Lemma 1

Proof. Stationarity of (RB;): Recall that stationarity (in the strong sense) means that for m = 1,2, ..., there are times
(t1,t2,...,tm) such that forall 7 € Z

FX(Xt1+T7"'7Xt"L+T) = FX(Xt17"' aXt )7

m

where Fx (X, ..., X, ) is the camulative distribution. Then,

Fre(RBiysrs-. .\ RBy 1) CF(Xy Nty Xyt
Ktgpr—N41, -y Xigprs
Xtpdr—N41s -y Xtptr)s
Q) P (X nt1s s Ko
Kty N+15- oy Xty

Xty —N+1,--5 Xt,,)
3
(Z)FRB(RBtrNH, ..., RBy)),

where we use the the RB definition in (1), stationarity of X in (2), and expressing RB based on X in (3).

Stationarity of Y;: Similarly, for m = 1,2,. .., there are times (¢1, t2, .. ., t,,) and we have

(1) 1 1
FY(Y151+7'7"'7th+T) =Fx ? Z f(Xj)w"’K Z f(X)

JEJt 47 JE€Jt

(2) . .
= > Furdoi (1 dm) X

1 .
FX ? Z f( K Z f jla"'?]m
JE€Jty+r JETt 4
(3) . .
= Z FJH,..A,J:m (.717"'7.7m)><
JeyserJtm,
1 .
€Iy JE€J b,
1
JEJtl J€Jtp,
()

_FY(}/"«U""}/I‘/ )7

m

where in (1) we use the process Y definition, in (2) we use iterated expectation, in (3) we use both the stationarity of X and
J, in (4) we use again iterated expectation, and in (5) we use Y definition.

O
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A.2. Proof of Lemma 2

Proof. Proving Markovity requires that
P(RB:1+1|RBt,RB;_1,...,RBy) = P(RB:+1|RBy). (A.1)
P(Wt+1|Wt,Wt717...,W0) = P(Wt+1|Wt). (AZ)
We start with proving the Markovity of RB;. Let us denote X'?(t) 2 IXt pyt1se - Xi_n,+1|RB:} as the set of random
variables from process X stored in the RB at time ¢ in positions n; to ny. Note that when a new transition is pushed to the

RB into position n = 1, the oldest transition in position n = N is thrown away, and all the transitions in the RB move one
index forward. We present here some observations regarding the RB that will help us through the proof:

RBy = XN(t) = {Xy_N+1, -+ Xt—ns1...,X;}  (RB definition). (A.3)
X+ ={Xt+1}UXiV (1) (A4)
XN € XV(1) (A5)
X, € XN(t) (A.6)
P(Xi11] Xty ... Xo) = P(Xp41|Xt) (Since X; is assumed to be Markovian).  (A.7)
P(a,bley,ca,...) = Plalb, ey, ca,...) - P(bler, e, .. .) (Expressing joint probability (A8)
as a conditional probabilities product).
P(alb) = p(a) (If a and b are independent) . (A9)
Computing the L.h.s. of equation (A.1) yields
P(RBy1|RBy, ..., RBy) "= P (XN (t+1) |X1 )y XN (0)
as

= P (X, X{ 'O XY (1), ..., X1V (0))

B P (X | XN 10, XN (8), .., XN(0)) - P (XN )| XN (1), ..., XN (0))

(A5),(A6),(A.T)
= P (X41|X3)
Similarly, computing the r.h.s of (A.1) yields

A'%
P (RByy1|RB,) 2

P (XY (t+1)| X))
Y P (X, XN (0)| XN (1))
= X0, XY () - P (T 0 XY (1)

P (Xi11]Xt)

P (Xi1
(A.5),(A.6),(A.T)

Both sides of (A.1) are equal and therefore RB; is Markovian. In addition we have that for ¢ > V:

P (Xt+1‘Xt) let S X%(t) and RBt+1 = {Xt+]_} U X{Vil(t),

P(RBy11|RBy) = {0 otherwise

Recall that WW; is defined as:
Wt - [RBt, Jt] (AlO)

where J; C {t — N +1,...,t} is a random subset of K time indices. By their definition, RB; and .J; are independent for
all t. Computing the Lh.s. of equation (A.2) yields

P (Wit |[W, ... W) 2

P (RBi41, Ji+1|RB¢, Ji, . .., RBo, Jp)
P(RBiy1|Jiy1, RBy, Jy, ..., RBo, Jo) - P (Je1|RBy, Jy, - - ., RBo, Jo)
AAD p(RB, 1 |RBy) - P (Jii1)

A9
(:) P (RBt+17 Jt+1‘RBt» Jt)
(AL 10)

%)

P (W1 |W)
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We have the required result in (A.2), therefore W, is Markovian.
In addition, If J;4; is sampled according to “unordered sampling without replacement” (defined in Section 2.2), then for
t> N:

(—i)P (Xiq1|Xs)  if X; € Xi(t)and RBiq = { X1} U XD H(2)
P (Wisa|Wy) = P(RBi11|RBy) - P (Jig) = VJit1 € Cy k,

0 otherwise.

A.3. Proof of Lemma 3

Proof. We prove by contradiction. Let us assume that the process R B is neither aperiodic nor irreducible. If it is aperiodic,
then one of the indices in the RB is aperiodic. Without loss of generality, let us assume that this is the [ delayed time-steps
index. But since in this index we have aperiodic process, i.e., it is the process X delayed in [ steps, it contradicts the
assumption that X is aperiodic. We prove irreducibility in a similar way.

Since the process Y is a deterministic function of the process R B, it must be aperiodic and irreducible as well, otherwise
it will contradict the aperiodicity and irreducibility of the process RB. Finally, since f(-) is deterministic function, and
since for each ¢, Y; is an image of an ergodic process X, i.e., each x € X, is visited infinitely often, and as a results each
point y € Y; of the image of f(-) is visited infinitely often, otherwise, it contradicts the deteministic nature of f(-) or the
ergodicity of X. O

B. Auto Correlation and Covariance proofs
B.1. Proof of Theorem 1

Proof. Let J; C {1,...N}and J;y, C {1,... N} be subsets of K indices each. We begin with calculating the auto-
correlation of process Z;.

Ry (T) = E[Yrt}/t-iﬂ']

(:1)]E Z Zf n+1 " Z Zt+7- m+41

TLGJt me Jt+ﬂ'

=E K Z f Xt n+1 Z f Xt+T m+1)

neldy m€Jt+1—
®g § (X % 2 fX )
Jt, Jt-f-TNCN‘K7{Xt—n+1}»n,€jtNRBt7{Xt+T—1n+l}n,ejt+TNRBt+T t— ”+1 t+7—m+1
nEJf mEJHT
Dg. . E f(X fX )| e, i
= I Jipr~CnNk {Xt—nt1tnes, ~BBtAXt4r—mi1tnes,,  ~RBrir t—n+1) t+r—m+1)|Jt) Ji+r
nEJt me]t+7

jt7jt+T~CN,K _E{thni»l}nEjt,NRBt7{Xt+77'm+1}n€jt,+7-NRBt+T []En~jt,m~jt+7 [f(Xt—n+1) : f(Xt+~r—m+1)] jt» jt+~r}]
= EJf Ji4+~CN K EnwjthjHrT I:]Ethn+17Xt+77m+l [f(Xt*nJrl) ) f(XtﬁLT*erl)Hjtv jt+‘r]:|

= E]t Jtyr~CnN, K _EnN.ft,meH, []E [Zt—n+1Zt+‘r—m+1Hjta jt-&-TH

= EJt7Jt+TNCN K En~jt;mth+T [RZ (T +n— m)|jt7 jt"“"]]

= E, . j, [Ra(7')]
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where in (1) we used the definition of Y using the indices subsets J; and jt+¢- In (2) used the definition of Z and in (3)
we wrote the expectation explicitly. In (4) we used the conditional expectation and in (5) we wrote % Y one 5t () and

% Y ome Jisr f(-) as an expectations since given the subsets .J; and J; ; ,, the probability of sampling index n or m from the

RB is uniform and equals % In (6) we switched between the expectations, since given the subsets .J; and .J; , -, the samples
{Xt,nkJrl}kK:l and {XtJrT,mkH}kK:l are independent. In (7) we used again the definition of Z and in (8) we used the
definition of the auto-correlation function of Z. In (9) we defined 7/ = 7 + n — m to be the time difference between each
couple of indices from .J, and .J, ,. Note that 7/ € .J, where J, = {r — N +1,...,7+ N — 1}.

The calculation for the covariance Cy (7) follows the same steps as we did for Ry (7). O

B.2. Alternative Proof of Theorem 1

Proof. Let J; C {1,...N}and J;y, C {1,... N} be subsets of K indices each. We begin with calculating the auto-
correlation of process Y;.

Ry (1) = E[Y}Yi4]

=E % Z Zt—7z+1 % Z Zt+T—m+1

nejt mejpr.,.
=Ej 7 ~cnx |E E Zi—py1 E Zisr—mt1 |ty Jotr
nGJt mG Jigr

1 R
=Ejgntni |B |5z 2o Do Zeeni1Zevr-mir| T Jear

neJy 7n,€jt+7-

Next, we will go from the definite times defined by .J; and .J; , , to all the time differences defined by the same .J; and J; ;..
Let D, £ {d7}ZK:1 be based on J; and be a set of difference times where d; is the time from the RB beginning to the first
sample, ds is the time from the first sample to the second samples, and so on until dx which is the time different between
the one before the last sample to the last sample. Similarly, we define Dy, , = {d; } ¢ | to be based on J; .. Therefore,

By (1) =Ej g ncni |E K2 ZZZHZC _y dis t+T+Z], _, dy Tty Jrar
=1 j=1
:EjhjtJr,.NCN,K K2 ZZE[ t+21’ . dyr Zf+7'+z]/ 1 Jt7Jt+T]
i=1 j=1
= ]Ejt7jt+TNCN,K K2 ZZRZ Z d o Z d +7
i=1 j=1 i’=1

Recalling Definition 1 of 7 we get

Ry (1) = Eqry [Rz (7)) -

B.3. Proof of Lemma 4

Proof. Let J; C {1,...N}and Jii, C {1,... N} be subsets of K indices each. We saw in Section B.2 that we can move
from these two subsets into the set of all possible differences .J;. Recall that we defined 7/ =7+ n — mto be the time
difference between each couple of indices from J; and J;;,. Note that 7’ € J, where J, = {r— N+1,...,7+ N — 1}.

Here we consider the unordered sampling without replacement” (described in section 2.2) for sampling .J; and .J; ;, and we

2
would like to calculate the probability distribution for each time difference 7/, that is P(7’). We have total of K? - ((%))
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such differences since we have (%) possible permutations for each batch and in each permutation we have K time elements.
We define d = 7/ — 7, therefore —N + 1 < d < N — 1. We now can calculate P(7’):

O s (D))
P(r') = 5
K2 (%))
_K® 2.3, .. _N-|d .((N—l))Q
1 (N-K)2 1 2 N—]d]-1 K

K2 (1)
(N—|d) -K!'"K!-(N—-K)!-(N-K)!-(N-1)!- (N —1)!
(N-K)2-N'-NK!"K!-(N-1-K)!- (N —-1-K)!
(N —]d]) - (N = K)?
(N —K)2- N2
N —|d|
N2

N

w

i

where in (1) we substitute 7/ — 7 = d. In (2) we canceled similar elements in the denominator and numerator and we also
wrote explicitly the binomial terms. In (3) and (4) we again canceled similar elements in the denominator and numerator.
Notice that this probability formula is relevant only for 7 — N +1 < 7/ < 7+ N — 1 and other values of 7’ can not be
reached form combining these two batches. Therefore, P(7') =0fort — N+1> 7 and 7' > 7+ N — 1.

Interestingly, this proof show how parameter K is canceled out, meaning this time difference distribution is independent on
K. In addition, we can observe that the resulting distribution can be considered as a convolution of two rectangles, which
represents the time limits of each batch and the uniform sampling, and the resulting convolution, a triangle which represents
P("). O

B.4. Proof of Corollary 1

Proof. Combining Theorem 1 Lemma 4 we get::

/ / n 1 = Nﬁ‘d|
Ry(r) =B [Rz()] = > P(r)Rz(7) = > Nz Rz(d+7)

d=—N+1

where in (1) we used P(7’) from Lemma 4 and changed the variables: d =7 —tforr — N4+ 1 <7 <7+ N —1.

Similar development can be done to Cy (7). O

C. Proof of Theorem 2: Average reward and critic convergence

Proof. Recall that our TD-error update Algorithm 1 is defined as 6(0,) = r(S;, 4;) —n+ ¢(S§)Tw — ¢(S;) "w, where
O; = {5, 4;,7(S;, A;),S;}. In the critic update in Algorithm 1 we use an empirical mean of TD-errors of several sampled
observations, denoted as {O, } jc ;. Then, the critic update is defined as

W = wt a2 37 6(0,)0(5)).

jeJ

where .J is a random subset of K samples from RB with size V. Using the definition of the sampled random K indices .J,
instead of J, we can write the update as:

1
w' =w+ Oéw} 2;5(Ot—n+1)¢(5t—n+1)-
ne.

In this proof we follow the proof of Lemma 5 in Bhatnagar et al. (2009). Observe that the average reward and critic updates
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from Algorithm 1 can be written as

N1 = e + o (Ff + M) C.hH
Wer = vy + o (FP + M), (C2)

where

1
Ftn é EthCN.Kv{Ot—n+1}nethRBt ? Z T(Stin+1’ Atin“rl) - T] Ft
nejt
1
Mtn+1 e T Z T(St—nt1, At—ns1) —me | — FY'
nejt

w 1
FY 2B, s (Or i1} e, ~RB, T > 6(01-n11)$(St—ni1) | Fi

neJi

1
My = e Z (Ot—n11)9(St—ny1) — F*

nejt
and F; is a o-algebra defined as F; = {n,, w,, M7, M¥ : 7 < t}.

We use Theorem 2.2 of Borkar & Meyn (2000) to prove convergence of these iterates. Briefly, this theorem states that given
an iteration as in (C.1) and (C.2), these iterations are bounded w.p.1 if

Assumption 6. 1. F}' and FY are Lipschitz, the functions Fuo(n) = limg_ oo F(on)/o and Foo(w) =
limy o0 F¥(0w) /o are Lipschitz, and Foo(n) and Foo (w) are asymptotically stable in the origin.

2. The sequences MZ’_H and M{" | are martingale difference noises and for some Cy, cy
E [(M{})?|F] < CH+ [Inell)
E [(M)?]Fe] < CF (1 + [lwel).

We begin with the average reward update in (C.1). The ODE describing its asymptotic behavior corresponds to

. 1
1= Bjncn x {O1—nt1}nes~RB K Z 7(St—ni1, Arny1) —n| = F. (C.3)
neJy
F™ is Lipschitz continuous in 7. The function Fi,,(n) exists and satisfies Fioo(17) = —7. The origin is an asymptotically

stable equilibrium for the ODE 7) = F,,(n) and the related Lyapunov function is given by 7?/2.
For the critic update, consider the ODE

. 1 w
W=Ejicn {0 niibnes~RB | I Z 5(0t—n11)0(Si—ny1)| = F
neJ

In Lemma 5 we show that this ODE can be written as
W= Cydw + ® by, (C4)

where Cy and by are defined in (7). F'* is Lipschitz continuous in w and F,, (w) exists and satisfies Fiy, (w) = ® " CyPw.
Consider the system
W = Fao(w) (C.5)
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In assumption 4 we assume that ®w # e for every w € RY. Therefore, the only asymptotically stable equilibrium for (C.5)
is the origin (see the explanation in the proof of Lemma 5 in Bhatnagar et al. (2009)). Therefore, for all ¢ > 0

E (M) | Fe] < CIA+ mel® + wel?)

E (M) | Fe] < CE (L lImell® + [l [*)

for some CJ, C{’ < co. M," can be directly seen to be uniformly bounded almost surely. Thus, Assumptions (A1) and (A2)
of Borkar & Meyn (2000) are satisfied for the average reward, TD-error, and critic updates. From Theorem 2.1 of Borkar &
Meyn (2000), the average reward, TD-error, and critic iterates are uniformly bounded with probability one. Note that when
t — o0, (C.3) has 7y defined as in (2) as its unique globally asymptotically stable equilibrium with V(1) = (n — 19)?
serving as the associated Lyapunov function.

Next, suppose that w = w™ is a solution to the system ® ' Cy®w = 0. Under Assumption 4, using the same arguments as in
the proof of Lemma 5 in Bhatnagar et al. (2009), w™ is the unique globally asymptotically stable equilibrium of the ODE
(C.4). Assumption 6 is now verified and under Assumption 5, the claim follows from Theorem 2.2, pp. 450 of (Borkar &
Meyn, 2000). O

C.1. Proof of Lemma 5

Proof. We compute the expectation of the critic update with linear function approximation according to Algorithm 1. In
this proof, we focus on the “Unordered sampling without replacement” strategy for sampling batch of K transitions from
the replay buffer (see Section 2.2 for this strategy probability distribution). Recall that n is a position in the RB and it
corresponds to transition Oy 41 = (St—nt1, At—nt1,S;_,,41). We will use the notation of Jc{l,....n,...,N}to
refer the K indices sampled batches. In addition we will use the following observations:

P(n|J,neJ)= % P(n|J,n¢ J)= (C.6)
P(nej):%, PngJ)y=1-2

Pn|J) = P(ne J)- Pn|J,n € J)+ P(n ¢ J)- P(n|J,n ¢ J) = %% 40— % )

P(J) = (N;1<) (C38)

N
ICn, x| = (K) (C.9)
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Now we can compute the desired expectation:

1
ELNCN,K,{Ot,nJrl}nEJ—‘NRBt ? Z 5(Ot—n+1)¢(5t7n+1)
nEjt

1 _
= EthCN,K E{Ot—n+1}n€jt~RBt ? Z 5(Ot7n+1)¢(st7n+1) Ji
nejt

= Ej~cwyx [E{o, wir e, ~RB, [Enn s, [5(Ot,n+1)¢(5t,n+1)]|J}H

é E}N(CN,K [Enwjt [Eot—nJrl [5(Ot7n+1)¢(5t7n+1)n |jt]

N
2 % PUDY. POl)Eo,_ ., (501 s)é(St—ni1)] (10
n=1

J:€CN, K

N
7),(C. 1 1
CEY o Z FEOw i1 5011 8(St- )]

(Cg) - ZEOt n41 [6(Ot ”+1)¢(St—n+1)]

n=1

N
1
2 N Z Est*n+1’Aifn+1’Sfl,_n,+1 [(T(St*nH’ At—p1) —n+ ¢(S£—n+1)—rw - ¢(St7n+1)Tw) ¢(St—n+1)]
n=1

where in (1) we used the linearity of expectation and that given the sampled batch .J, the transitions tuples {O;_p, 11},
are sampled independently. In (2) we wrote expectations explicitly and in (3) we used the definition of the TD-error in (4).

Next, for time t — n + 1 where 1 < n < N, we define the induced MC with a corresponding policy parameter 6;_,, ;1.
For this parameter, we denote the corresponding state distribution vector p;_, 41 and a transition matrix P;_,; (both
induced by the policy 7, ,, ., ,. In addition, we define the following diagonal matrix Dy, 41 £ diag(p;_n1). Similarly to
(Bertsekas & Tsitsiklis, 1996) Lemma 6.5, pp.298, we can substitute the inner expectation

i LP(Stmng1s Avmpn) — 1+ & tni1) W — 3(St—nt1) " w) (S—nt1)]
= (I)TthnJrl (Pi—pr — I) Qw + (I)Tthn+1(7’t7n+1 — 1ge),

Es, 1,40 ni1,8 (C.11)

where I is the |S| x |S| identity matrix, e in |S| x 1 vector of ones and r;_,, 11 is a |S| X 1 vector defined as r¢_,,+1(s) =
Y a0 nir (AlS)r(S, A). Combining equations (6), (C.10) and (C.11) yields

N
Z (" Di—ns1 (P — I) @w + @ " Dy_pyy1 (T1—ni1 — me)) = @ Cr@w + @ by, (C.12)

In the limit, £ — oo and p;_, 11 — g for all index n. Using Cy and by defined in (7), (C.10) can be expressed as

1
B JnCn i, {0t nt1 be 7, ~RB: Ve Z 5(Ot—n+1)0(Si—ns1) | = " CoPw + @ " by. (C.13)

neJy
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D. Proof of Theorem 3: Actor convergence

Proof. Recall that our TD-error update in Algorithm 1 is defined as §(0;) = 7(S;, A;) —n+ ¢(S§) "w — ¢(S;) "w, where
O; = {S;, A;,7(Sj, A;), S} }. In the actor update in Algorithm 1 we use an empirical mean of TD-errors of several sampled
observations, denoted as {O, } je;. Then, the actor update is defined as

1
9 =T(6- a‘)? > 6(0;)Viogme(4;]S,))
jeJ

where .J is a random subset of K samples from RB with size V. Using the definition of the sampled random K indices .J,
instead of J, we can write the update as:

1
9 =T16-— oﬂ? Z 8(O¢—ny1)Viog mo(At—ni1|St—ny1)
n€J

In this proof we follow the proof of Theorem 2 in Bhatnagar et al. (2009). Let O = {S, 4,5’} and let 6"(O) =
r(S, A) —n+ ¢(S") Tw™ — ¢(S) Tw™, where w™ is the convergent parameter of the critic recursion with probability one
(see its definition in the proof for Theorem 2). Observe that the actor parameter update from Algorithm 1 can be written as

Op1 = r(at —a?(6(0)Vglogm(A|S) + FY — FY + NP — fo))
= F(Qt - OZ?(MtHH + (F - Ntet) + Ntet))
where

1
Fte £ EthCN,K7{Ot7n+l}n€jtNRBt K Z 0(Ot-n+1) Vo log mo(At—n+1|St—n+1) | Fe

nejt

1
7 2 0(0rnt1)Vologmy(Arn 1 [St—ns1) — Ff
neJi

[I>

0
Mt+1

1 T
Nte = ]Ejt’\‘CN,K7{Ot771+1}n€thRBﬁ K Z 6™ (Ot—nt1)Volog mo(At—n+1|St—nt1) | Ft

nEjt

and F; is a o-algebra defined as F; = {n,,w,,0,, M7, M¥ M?: 7 <t}.
Since the critic converges along the faster timescale, from Theorem 2 it follows that F? — th t = o(1). Now, let

t—1

My(t)=> oMl t> 1.
r=0

The quantities §(O) can be seen to be uniformly bounded since from the proof in Theorem 2, {7, } and {w, } are bounded
sequences. Therefore, using Assumption 5, { M5 (¢)} is a convergent martingale sequence (Bhatnagar & Kumar, 2004).

Consider the actor update along the slower timescale corresponding to af in Algorithm 1. Let w(-) be a vector field on a set

©. Define another vector field: T'(w(y)) = limo<,—o P(v+no) -y . In case this limit is not unique, we let I'(w(y)) be

the set of all possible limit points (see pp. 191 of (Kushner & Clark, 2012)). Consider now the ODE

R N 1 -
0=T| —Ejncnr 0 nirtucs~RB | I > 5™ (Or—n41)Volog mo(Ar—pny1]Si—nt1) (D.1)

nEJt
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Substituting the result from Lemma 6, the above ODE is analogous to

6 =T(=Vong +¢™) =T(—NY) (D.2)

where £™ = " ¢ 1 (S) (¢(S)TV9w”9 — VV7™(S) ). Consider also an associated ODE:

N——

0=T(~Vene) (D.3)

We now show that hy (6;) £ —th * is Lipschitz continuous. Here w™ corresponds to the weight vector to which the critic

update converges along the faster timescale when the corresponding policy is 7y, (see Theorem 2). Note that 119(S), S € S
is continuously differentiable in 6 and have bounded derivatives. Also, 7y, is continuously differentiable as well and has
bounded derivative as can also be seen from (2). Further, w™ can be seen to be continuously differentiable with bounded
derivatives. Finally, V27, (A|S) exists and is bounded. Thus h;(6;) is a Lipschitz continuous function and the ODE (D.1)
is well posed.

Let Z denote the set of asymptotically stable equilibria of (D.3) i.e., the local minima of 74, and let Z€ be the e-neighborhood
of Z. To complete the proof, we are left to show that as sup, ||| — 0 (viz. § — 0), the trajectories of (D.2) converge to
those of (D.3) uniformly on compacts for the same initial condition in both. This claim follows the same arguments as in the
proof of Theorem 2 in Bhatnagar et al. (2009). O

D.1. Proof of Lemma 6

Proof. We compute the required expectation with linear function approximation according to Algorithm 1. Following the
same steps when proving the expectation for the critic in Section C.1, we have:

1 T,
Ejnen {0 nii}nes,~RB | I Z 0" (Ot—n+1)Valog mo(At—nt1]St—n+1)
n€jt
| N
N Z ES, iriAenirSi o [(P(St—nt1s Arng1) = 14 G(S{_pi1) "0 = ¢(St—ny1) " w) Volog m(Ar—ni1[Si—ni1)]

n=1

Recall the definition of the state distribution vector p;_,+1 in Section 4.4. In the limit, ¢ — oo and p;_,, 41 — e for all
index n, then:

1

EthCN=K7{Ot*”+1}nethRBf' K Z 6" (Ot—n+1)Velogmg(Ar—ny1|Si—ny1)
nEJt
= 1(S) > mo(AlS) <7‘(5’ A) =g+ > P(S'|S, A)p(S") Tw™ — ¢(5)Tw”> Vg log mg(A|S)
SeS AeA S’eS

We define now the following term:

VTo(s) = 3 m(A1)Q™ (S, A) = 3 ma(AlS) (r(S, A —m+ 3 PSS, A>¢<S’>TW> . D4

AcA AcA S’es

where V7 (S) and Q™ (S, A) correspond to policy 7. Note that here, the convergent critic parameter w™ is used. Let’s
look at the gradient of (D.4):
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VeV (S) =V, (Z m9(A|S)Q™ (S, A))

AcA

= 3" Vomo(AlS) (r(S, A) =g+ Y PSS, A)qS(S')Tu)”)

AeA S'eS
+ ) m(AlS) (vgne + > PSS, A)QS(S’)Tng“)
AcA S’eS
=" Vomg(AlS) ( m+ Y P(S'|S, A)¢ S')Tum)
AcA S’eS
—Vono + > _ m(AlS) Y P(S'|S, A)p(S") T Vow™
AcA S’eS

Summing both sides over the stationary distribution pg

D ua(S)VeV™(S) = po(S) > Voma(AlS) (r(s, A —ne+ Y PSS, A>¢(S’)Tw’”*>
S S

AcA S'eS

+> ue(S) (-lee + > m(AlS) Y P(S'IS, A)QS(S/)TVew”)
S

AcA S’eS
1 T,
= EthCN,Ka{Ot—7L+1}7L€jtNRBt [K Z 0" (Os-n+1)Ve 10g7r9(At"+1|St”+1)]
nejt

— Vono + Y _na(S) Y ma(AlS) Y P(S']S, A)g(S") T Vew™
3

AcA S'eS

Then:

1 s
Vone = Ej, ey x {0t ni1}ne s, ~RB, [K > 6™(Or-n11)Ve 10g7f9(14t—n+1|5t—n+1)]
nejt

+ " pa(S) (Z mo(AS) Y P(S']S, A)g(S") T Vov™ — vgx‘/ﬂe(S)> .
S

AcA S’eS

Since g is a stationary distribution,

Zﬂe ) D m(AlS) > PSS, A)d(S")  Vow™ = Zue ) D Po(S'19)6(8") T Vou™

AcA S'eS S'eS

—ZZM@ )Py (S'|S)p(S") T Vow™
—Zue S 'Vouw™,

Then,
1

Vone = Ej, ey x {Oi—ni1}ne s, ~RB, e Z 8™ (O4—ni1)Velogmo(As_ns1|St—ni1)
nejt

+ " 1(8) (9(8) T Vow™ — VoV (S))
S

The result follows immediately.



